Abstract. The Gabriel-Roiter measure is used to give an alternative proof of the finiteness of the representation dimension for Artin algebras, a result established by Iyama in 2002. The concept of Gabriel-Roiter measure can be extended to abelian length categories and every such category has multiple Gabriel-Roiter measures. Using this notion, we prove the following broader statement: given any object X and any Gabriel-Roiter measure µ in an abelian length category A, there exists an object X ′ which depends on X and µ, such that Γ = End A (X ⊕ X ′ ) has finite global dimension. Analogously to Iyama's original results, our construction yields quasihereditary rings and fits into the theory of rejective chains.
Introduction
The first Brauer-Thrall conjecture, proved by Roiter in 1968 ( [30] ), asserts that every Artin algebra of bounded representation type has finite representation type. The induction scheme used in Roiter's proof prompted Gabriel to introduce a powerful invariant, known as the Gabriel-Roiter measure. The usefulness of the GabrielRoiter measure is not limited to the first Brauer-Thrall conjecture. In [27] , Ringel has used the Gabriel-Roiter measure to give alternative proofs of a number of important results in representation theory published in the 1970's. Ringel employed the Gabriel-Roiter measure to show that every module over an Artin algebra of finite representation type is a direct sum of finitely generated modules, a result originally established in [29, 32, 4] . In [5] , Auslander proved that every Artin algebra of infinite representation type possesses an infinitely generated indecomposable module, and it turns out that this result can also be deduced using the GabrielRoiter measure. Furthermore, using the notion of Gabriel-Roiter inclusion, Ringel observed that every finitely generated nonsimple indecomposable module X is the extension of an indecomposable module Y having Gabriel-Roiter measure strictly smaller than that of X by some other indecomposable module Z. In this paper, we provide yet another application of the Gabriel-Roiter measure. Namely, we use it to prove the finiteness of the representation dimension for Artin algebras, a result first shown by Iyama in 2002.
The representation dimension of an Artin algebra Λ is the smallest possible global dimension of an endomorphism algebra End Λ (X), such that the Λ-module X generates and cogenerates every Λ-module. This homological dimension was introduced by Auslander in [3] . He proved that the Artin algebras of finite representation type are exactly those whose representation dimension is at most 2 ( [3] ), hence representation dimension distinguishes finite from infinite representation type. All the classes of algebras for which Auslander determined the precise representation dimension turned out to have representation dimension at most 3. Thus, he asked whether the representation dimension can be greater than 3, but also, whether it always has to be finite. Although an Artin algebra may have arbitrarily large representation dimension (as shown by Rouquier in [31] ), this is always finite. Indeed, Iyama established in [18] the following much stronger result. Theorem 1.1 (Iyama) . Every finitely generated module X over an Artin algebra Λ has a complement X ′ such that Γ = End Λ (X ⊕ X ′ ) is a quasihereditary algebra.
The algebra Γ in the statement of the theorem must have finite global dimension, as this is the case for all quasihereditary algebras ( [25] ). By taking X to be a generator-cogenerator of the module category, it follows as a corollary that all Artin algebras have finite representation dimension.
Our main goal is to give a new proof of Theorem 1.1 by using the GabrielRoiter measure to determine an adequate complement X ′ of X. Using the notion of "weighted Gabriel-Roiter measure" (see [22] and [27, Appendix, §3]), one is actually able to constructively define multiple complements X ′ of a fixed module X such that the resulting Artin algebra Γ is quasihereditary. Although our formulae for the complement X ′ differ from that of Iyama and produce, in general, different quasihereditary algebras Γ, both constructions share many similarities. Akin to Iyama's original construction, our construction is also associated to rejective chains of subcategories, a notion developed in [20] . Thus, our setup too produces quasihereditary algebras which satisfy especially nice properties. To be precise, we obtain left strongly quasihereditary algebras, as defined in [28] .
The notion of "weighted Gabriel-Roiter measure" is valid for any abelian length category and every such category possesses various Gabriel-Roiter measures. In its most general form, our main result reads as follows. The complete statement of Corollary 4.7 provides, in particular, a recipe for constructing distinct generators-cogenerators X of mod Λ whose endomorphism algebra Γ = End Λ (X) has finite global dimension and gives an upper bound for the global dimension of the resulting algebra Γ. For this reason, our main result is potentially useful to compute not only the representation dimension, but also the rigidity dimension of Artin algebras, a notion recently introduced in [8] .
The layout of this paper is the following. Section 2 contains a direct proof of Theorem 1.1 using the Gabriel-Roiter measure. In Section 3, we give a succinct account of Iyama's rejective chain theory and its relation to quasihereditary algebras. Finally, in Section 4, we explain how the proof in Section 2 fits into the general setup described in Section 3. In this last section, we use the broader notion of Gabriel-Roiter measure studied in [22] to prove Corollary 4.7, a refined version of Theorem 1.1 for abelian length categories. In particular, we describe how to obtain different complements X ′ of a fixed finitely generated module X so that Γ = End Λ (X ⊕ X ′ ) has finite global dimension, and provide upper bounds for the projective dimension of the simple Γ-modules and the global dimension of Γ.
Notation and conventions. Throughout this paper, we deal with two types of rings: semiprimary rings and Artin algebras. A unital ring Γ is semiprimary if its Jacobson radical Rad Γ is a nilpotent ideal and Γ/ Rad Γ is semisimple artinian (see [1, §28] ). Every semiprimary ring Γ has finitely many simple modules up to isomorphism, and every Γ-module has finite Loewy length. However, a semiprimary ring need not have finite length as a module over itself. A unital algebra over a commutative unital artinian ring k is called an Artin algebra if it is finitely generated as a k-module (see [7] for details). Every Artin algebra is a semiprimary ring.
All the modules considered will be left modules. The letter Λ shall always denote an Artin algebra over k and D represents the standard duality for Artin algebras. The notation Mod Λ will be used for the category of Λ-modules and mod Λ shall denote the category of finitely generated Λ-modules.
All the categories are assumed to be locally small. Given an additive category A, let ind A be the class containing one representative from each isomorphism class of indecomposable objects in A. Whenever convenient, assume that the elements of ind A are isomorphism classes of indecomposable objects. For a class Θ of objects in A, add Θ is the full subcategory of A whose objects are summands of finitary direct sums (i.e. biproducts) of objects in Θ. If Θ = {X}, we write add X instead of add{X}. The notation N is used for the set natural numbers starting from 1 and N 0 denotes N ∪ {0}. Lastly, the symbol ⊂ is used for strict inclusions.
Finiteness of the representation dimension using the Gabriel-Roiter measure
Within this section, the category mod Λ of finitely generated modules over the Artin algebra Λ is simply denoted by A. Note that ind A is a set in this case. Given X in A, |X| shall denote the composition length of X.
The Gabriel-Roiter measure of a module X in Mod Λ is a set of natural numbers associated to X and its definition relies on a particular total order ≤ defined on the power set P(N) of N. Given two distinct subsets I and J of N, we write I < J if min((I \ J) ∪ (J \ I)) ∈ J. This relation defines a complete total order on P(N), meaning that every nonempty subset of P(N) has a supremum (see [26, Section 1] ).
Definition 2.1 ( [14, 26] ). The Gabriel-Roiter measure µ(X) of a module X in Mod Λ is the supremum (taken over (P(N), ≤)) of the set whose elements are the sets {|Y 1 |, . . . , |Y t |} for which Y 1 ⊂ · · · ⊂ Y t is a chain of finitely generated indecomposable submodules of X.
It is clear from the definition that the Gabriel-Roiter measure is invariant under isomorphisms. Lemma 2.2 summarises some of the main properties of the GabrielRoiter measure. We refer to [26 (
3. We will deal with the Gabriel-Roiter measure of finitely generated modules. However, this invariant is equally well suited to study infinitely generated modules, as observed in [26, 27] .
Given I ⊆ N, let A(< I) be the set of all Y in ind A whose Gabriel-Roiter measure µ(Y ) is strictly smaller than I. According to parts (1) and (3) of Lemma 2.2, the set A(< I) is closed under cogeneration, i.e. the category add A(< I) is closed under taking submodules.
For our proof of Theorem 1.1, we need the notion of trace and reject. Let X be in A and consider a set Θ of modules in Mod Λ. The reject of X in Θ is given by
The factor module X/ Rej (X, Θ) is cogenerated by Θ and it is indeed the largest quotient of X satisfying such property. The trace of Θ in X is defined by
This is the largest submodule of X generated by Θ. Both Rej (−, Θ) and Tr (Θ, −) are subfunctors of the identity functor on A, so they are additive functors and therefore preserve finitary direct sums. We will often consider the situation Θ = {T }. In this case, we simply write Rej (X, T ) and Tr (T, X) instead of Rej (X, {T }) and Tr ({T }, X). Given X ∈ A, we construct recursively a sequence (X i ) i∈N of quotients of X by setting X 1 = X and defining
Proof. By definition, X i+1 is the largest quotient of X i which is cogenerated by A(< µ(X i )). Using parts (1) and (3) of Lemma 2.2, we conclude that µ(X i+1 ) < µ(X i ). Hence X i+1 is a proper factor of X i . Since X 1 is finitely generated, the sequence (X i ) i∈N must eventually stabilise in 0. Let X = i∈N X i -by Lemma 2.4 this module lies in A. Consider the Artin algebra Γ = End Λ (X). We prove, in a few steps, that Γ is quasihereditary. In order to do so, we must endow the set of simple Γ-modules with a suitable poset structure.
Let Φ be the set containing one representative from each isomorphism class of indecomposable summands of X. The projective indecomposable Γ-modules are given by P Y = Hom Λ (Y, X) for Y ∈ Φ, hence Φ labels the simple Γ-modules. We denote the top of P Y by L Y and endow Φ with a partial order ✂ by setting
The definition of quasihereditary (Artin) algebra is valid, more generally, for any semiprimary ring. Within this section, we only deal with Artin algebras. However, in Sections 3 and 4, we work with semiprimary quasihereditary rings. For this reason, Definition 2.5 is stated in terms of semiprimary rings.
Definition 2.5 ( [13, 12, 28] ). Let (Φ, ✂) be a poset labelling the simple modules over some semiprimary ring Γ and denote by P Y the projective indecomposable module whose (simple) top L Y corresponds to the label Y ∈ Φ.
( We shall see that the Artin algebra Γ = End Λ (X) is left strongly quasihereditary with respect to the poset (Φ, ✂) defined previously. For the next proposition we use the notation in Definition 2.5.
Proof. By construction of the sequence (X i ) i∈N and the properties of the rejects, it follows that Y /V Y lies in add X. In fact, Y /V Y must be isomorphic to a direct sum of modules
Using the definition of trace, one deduces that Im π * is contained in U Y . Note that the statement of the proposition will now follow once we show that U Y is contained in Im π * . For this, consider an arbitrary morphism f * :
In both cases we show that
In case µ(Z) = µ(Y ) and Z = Y , the modules Y and Z are not isomorphic but they have the same length by part (2) of Lemma 2.2. Hence, the map f cannot be an epic in this case. If Im f and Z had the same Gabriel-Roiter measure, then parts (2) and (3) of Lemma 2.2 would imply the existence an indecomposable summand of Im f whose inclusion in Z was an isomorphism. The latter situation only occurs when f is an epic, which shows that
By construction, Y /V Y is the largest factor of Y whose Gabriel-Roiter measure is smaller than µ(Y ). Since Im f is a quotient of Y satisfying µ(Im f ) < µ(Y ), then the epic coim f :
Since the morphism f * was chosen arbitrarily, we conclude that
We now use Proposition 2.7 to prove that Γ is quasihereditary. Proof. We start by proving that End Λ (∆ Y ) is a division ring for every Y ∈ Φ. This is equivalent to showing that every nonisomphism f * :
We follow the strategy used in part of the proof of Proposition 2.7. Let f * : P Y −→ P Y be a nonisomorphism. There exists a morphism f ∈ End Λ (Y ) such that Hom Λ (f, X) = f * . Using an argument identical to the one in the proof of Proposition 2.7, we must have µ(Im f ) < µ(Y ), otherwise f , and consequently f * , would be isomorphisms. But then, as before, f factors through the epic π :
here the last equality follows from Proposition 2.7).
It remains to check condition (a) in the definition of quasihereditary algebra. We do this by descending induction on the poset (Φ, ✂). If Y is a maximal element in (Φ, ✂), then U Y = 0 according to Proposition 2.7, so the condition is trivially satisfied. Suppose now that Y is not maximal and assume that U W is filtered by modules ∆ Z with Z ✄ W , for every W satisfying W ✄ Y . By Proposition 2.7, U Y is a direct sum of modules P W with W ✄ Y , so this module must be filtered by ∆ Z , with Z ✄ Y . This shows that Γ is quasihereditary. It follows from Proposition 2.7 that Γ is left strongly quasihereditary. By [25, Theorem 4.3] , gl. dim Γ < ∞.
Remark 2.9. In Section 4, we generalise Theorem 2.8 and provide upper bounds for the global dimension of Γ and for the projective dimension of the simple Γ-modules.
Example 2.10. Let Λ be the bound quiver algebra kQ/I where I = α 3 , βα and
Let X 1 = X be the projective indecomposable P 1 -note that gl. dim End Λ (X) = ∞. The Gabriel-Roiter measure of X 1 is µ(X 1 ) = {1, 2, 4} and
Recall that the representation dimension of Λ is given by rep. dim Λ = min{gl. dim End Λ (X) | X generates and cogenerates mod Λ}.
Corollary 2.11 ([18, Corollary 1.2]). Every finitely generated module X over an
Artin algebra Λ has a complement
In particular, every Artin algebra has finite representation dimension.
Proof. The first statement of the corollary is a consequence of Theorem 2.8. The second statement follows from the first by setting X = Λ ⊕ D(Λ).
Rejective chains and quasihereditary algebras
The theory of rejective chains was developed by Iyama, in connection with his proofs of the finiteness of representation dimension for Artin algebras and of Solomon's second conjecture on local zeta functions for orders ( [18, 19] ). In [20] , Iyama showed that every left (resp. right) complete total rejective chain of finite type gives rise to a left (resp. right) strongly quasihereditary ring. It turns out that the notion of complete total rejective chain is, in a specific sense, equivalent to that of a strongly quasihereditary ring, as observed in [33, Theorem 3.22] . In particular, the quasihereditary algebra defined in Section 2 is associated to a rejective chain (this will be clarified in Section 4). In this section we give a concise self-contained account of the basics on rejective chains.
From now onwards, A will be a fixed additive category. All subcategories are assumed to be full and closed under isomorphisms, finitary direct sums and direct summands.
Let C ′ be a subcategory of some category C. Recall that a morphism f in
and every morphism f ′ ∈ Hom C (X, X ′′ ) with X ′′ in C ′ factors through f . The notion of right C ′ -approximation of an object in C is defined dually (see [6, §1] ). In addition, the category C ′ is called a reflective (resp. coreflective) subcategory of C, if the inclusion functor has a left (resp. right) adjoint. . A subcategory C ′ of a category C is said to be left (resp. right ) rejective if every X in C has a left (resp. right) C ′ -approximation which is an epic (resp. monic). Equivalently, C ′ is a left (resp. right) rejective subcategory of C, if C ′ is a reflective (resp. coreflective) subcategory of C and the unit (resp. counit) of the corresponding adjunction is an epic (resp. monic) in the category of endofunctors of C.
Next, we state the definition of (left and right) complete total rejective chain, introduced by Iyama in [20, §2.2] , and the broader notion of complete total prerejective chain. 
Let X be any regular Λ-module with |X| ≥ 4 and let L 1 be the simple (injective) module associated to vertex 1 (see, for instance, [7, Chapter VII.7] for details about the indecomposables over the Kronecker algebra). Then 0 ⊂ add L 1 ⊂ add X ⊕ L 1 is a left complete total prerejective chain in mod Λ which is not left complete total rejective.
Let e an idempotent endomorphism of an object X in a category C. The morphism e is called a split idempotent if there is Y in C, π ∈ Hom A (X, Y ) and ι ∈ Hom C (Y, X) satisfying e = ι • π and π • ι = 1 Y . We say that an additive category C has finite type if the following conditions hold:
(1) C is idempotent complete, i.e. all idempontent endomorphisms in C are split; (2) C contains only finitely many indecomposable objects up to isomorphism; (3) the endomorphism ring of any object in C is semiprimary. According to [23, Corollary 4.4] , every category of finite type is Krull-Schmidt. Recall that an additive category is Krull-Schmidt if every object admits a finite direct sum decomposition into indecomposable objects having local endomorphism rings. By our assumptions on subcategories, an indecomposable object in a subcategory C ′ of a category C is also an indecomposable object in C; similarly, finitary direct sums of objects in C ′ are also (finitary) direct sums in C. Additionally, note that if C ′ is a subcategory of C and C has finite type, then so does C ′ . Suppose 0 = C ℓ+1 ⊂ C ℓ ⊂ · · · ⊂ C 1 is a left or right complete total prerejective chain of subcategories of A and assume that C 1 has finite type. Then C 1 is the additive closure of some object X which is the direct sum of a finite number of indecomposable objects and Γ = End A (X) is a semiprimary ring. For every indecomposable object Y in C 1 = add X there exists a unique i satisfying 1 ≤ i ≤ ℓ, such that Y lies in C i but not in C i+1 -we denote such i by ℓ Y and call it the level of Y . The level of an indecomposable object only depends on its isomorphism class, since, by assumption, our subcategories are closed under isomorphisms. Let Φ be a set containing one representative from each isomorphism class of indecomposable objects in C 1 . We define a partial order ✂ in Φ by setting Y ✁ Z if ℓ Y < ℓ Z . The projective indecomposable Γ-modules are given by P Y = Hom A (Y, X) with Y ∈ Φ, so the poset (Φ, ✂) labels the simple Γ-modules. Analogously, the Γ op -modules P Y op = Hom A (X, Y ) with Y ∈ Φ form a complete set of projective indecomposable Γ op -modules, up to isomorphism.
For the next result, recall the notion of trace in Section 3 and the notation introduced in Definition 2.5. The definition of complete total left prerejective chain implies then that f : Y −→ Z factors through an object in C ℓY +1 , therefore f must also factor through the left C ℓY +1 -approximation π. So in both cases, we have f = h • π for some morphism h in A. Consequently, f * factors as
It follows that Im f * ⊆ Im π * . Since the morphism f * : P Z −→ P Y was chosen arbitrarily among those satisfying Z Y , we deduce that U Y = Im π * .
Not surprisingly, Lemma 3.5 has a corresponding dual version. We state it for completeness. Proof. We prove the statement for left complete total rejective chains -the dual case is analogous. Consider Y ∈ Φ. We start by showing that End A (∆ Y ) is a division ring. This amounts to proving that every nonisomorphism f * : P Y −→ P Y satisfies Im f * ⊆ U Y . As before, there is f ∈ End A (Y ) such that f * = Hom A (f, X). The morphism f cannot be an isomorphism. Hence, by the definition of left complete total rejective chain, f factors through a module in C ℓY +1 . More concretely, f must factor through a left 
Example 3.9. The ADR algebra of (an Artin algebra) Λ is given by the endomorphism algebra End Λ (
Λ/ Rad i Λ). Here LL(X) denotes the Loewy length of a module X in mod Λ. The ADR algebra must arise from a rejective chain, as it is a strongly quasihereditary algebra ( [9, 33] ). We clarify the latter assertion. Consider the subcategories C i = add(
Λ/ Rad j Λ) of A = mod Λ -these turn out to define a left complete total rejective chain. Using Theorem 3.8, we recover the following result due to Auslander ([4] ): the global dimension of the ADR algebra of Λ is bounded above by LL(Λ). More generally, the broader class of ADR algebras considered in [24] stems from left complete total rejective chains, as explained in [33, Section 2].
Example 3.10. By dualising the construction in Example 3.9, one deduces that
Soc j D(Λ)) defines a right complete total rejective chain of A = mod Λ. Example 3.11. As previously mentioned, the quasihereditary algebras constructed by Iyama for his proof of Theorem 1.1 stem from rejective chains. We outline Iyama's construction and refer to [18, §2] , [20] or [28] for further details. Let X = X 1 be in mod Λ and define recursively
where Rad(X i , X i ) denotes the set of radical morphisms from X i to itself. The module X i+1 is a proper submodule of X i , so this sequence of modules stabilises in 0. By setting C i = add j≥i X j , we obtain a right complete total rejective chain.
Example 3.12. Let X = X 1 be in mod Λ and define recursively
This construction is obtained by dualising the one in Example 3.11. In this case, the categories C i = add j≥i X j define a left complete total rejective chain. Example 3.13. The quasihereditary algebras associated to reduced words in the Coxeter group of preprojective algebras studied in [21] and [15] also stem from rejective chains. The algebras in [21] are associated to left complete total rejective chains. The setup in [15] is dual to to the one in [21] and the corresponding algebras come from right complete total rejective chains.
Gabriel-Roiter measure and rejective chains
In Section 2, we have used the Gabriel-Roiter measure to show that every X in A = mod Λ has a complement X ′ such that End A (X ⊕ X ′ ) is a left strongly quasihereditary algebra. Now, we extend our proof to the case of A being an abelian length category and use a broader notion of Gabriel-Roiter measure. In theory, this will allow us to produce multiple complements X ′ of a fixed object X so that the resulting ring End A (X ⊕ X ′ ) is left strongly quasihereditary. It is not new that Iyama's result (Theorem 1.1) holds in abelian length categories. It is also not unexpected that one obtains a general procedure for producing multiple complements X ′ . As a matter of fact, the construction of X ′ in Section 2 only depends on the properties of the Gabriel-Roiter measure stated in Lemma 2.2, therefore it seems reasonable that the method should work for other functions µ with "similar features". Instead of adapting the arguments in Section 2, we will employ the technology of rejective chains to generalise and refine Theorem 2.8.
For this, we fix an abelian length category A. Note that an abelian category is a length category if every object satisfies the ascending chain condition and the descending chain condition on subobjects and if the isomorphism classes of indecomposable objects form a set ( [14] ). As a consequence of the conditions imposed, A is a Krull-Schmidt category and every object in A has a composition series ( [14] , [22, Section 2] ). According to [23, Corollary 4.4] , the endomorphism ring of any object in A has semisimple artinian top. Furthermore, the Harada-Sai Lemma for abelian categories implies that the radical of End A (X) is nilpotent for every X in A (see [17] and also [16, Lemma 8] ). Consequently, the endomorphism ring of any object in A is semiprimary (consult also [1, Corollary 23.9] ). 
The function µ λ is called the Gabriel-Roiter measure of A associated to λ. By specifying λ to be the composition length and A to be mod Λ, one obtains the classic definition of Gabriel-Roiter measure for finitely generated modules. The function µ λ satisfies properties analogous to those of the classical Gabriel-Roiter measure. Before moving on, we need to extend the notion of reject. For this, suppose that C is some additive category, let Θ be a set of objects in C and let X be an object in C. If the kernels ker f of all morphisms f ∈ Hom C (X, T ) with T ∈ Θ exist, then the reject of X in Θ, Rej (X, Θ), is the pullback of the monics (ker f : Ker f −→ X) f ∈HomC (X,T ),T ∈Θ , in case this limit exists. So technically, a reject of X consists of an object Rej (X, Θ) together with a monic ι = ι X : Rej (X, Θ) −→ X. In case the cokernel of ι exists, we denote it by π : X −→ X/ Rej (X, Θ). Rejects are formed using limits, so they are unique up to unique isomorphism.
Noting that the intersection of submodules of a certain module is the pullback of the corresponding inclusion maps, one concludes that the notion of reject in mod Λ mentioned in Section 2 is an instance of the categorial definition just presented. Since every object X in our underlying abelian category A is artinian, then the pullback of the monomorphisms (ker f ) f ∈HomC(X,T ),T ∈Θ exists because it can be reduced to a pullback of finitely many of these morphisms. This means that the reject ι X : Rej (X, Θ) −→ X always exists in A and it is the kernel of some morphism from X to a (finitary) direct sum objects in Θ (so X/ Rej (X, Θ) is cogenerated by Θ). From the universal property of kernels and pullbacks, it follows that any morphism f : X −→ Y in A gives rise to a morphism Rej (f, Θ) : Rej (X, Θ) −→ Rej (Y, Θ) and this correspondence is functorial. Indeed, there is a monic natural tranformation ι : Rej (−, Θ) −→ 1 A and this implies that Rej (−, Θ) is an additive functor. Consider now a map f : X −→ t i=1 T i , with T i in Θ. A standard argument shows that the reject ι X factors through the kernel of f , hence f factors through π : X −→ X/ Rej (X, Θ). Putting together the observations made in this paragraph, we deduce that X/ Rej (X, Θ) is the largest factor of X cogenerated by Θ.
We now fix a length function λ : A −→ [0, +∞[ on A. Given I ∈ P f ([0, +∞[), let A(< I) be the set of all Y in ind A such that µ λ (Y ) < I. Given X in A, we construct recursively a sequence of objects (X i ) i∈N . As in Section 2, we set X 1 = X and define
and X i+1 is a proper factor object of X i . In particular, there exists ℓ ∈ N 0 such that X i = 0 for all i > ℓ.
Proof. Suppose that X i = 0 for some i ∈ N, so µ λ (X i ) = ∅. By the properties rejects, X i+1 is the largest factor object of X i cogenerated by objects in A(< µ λ (X i )). Part (3) of Theorem 4.3 implies that µ λ (X i+1 ) < µ λ (X i ), so X i+1 is a proper factor of X i . The second statement of the lemma follows from the fact that X is noetherian.
Let ℓ be the smallest integer satisfying X ℓ+1 = 0. Define C i = add j≥i X j . We claim that 0 = C ℓ+1 ⊆ C ℓ ⊆ · · · ⊆ C 1 is a left complete total rejective chain of subcategories of A. 
Proof. Note that max{µ
we deduce that C i+1 is a proper subcategory of C i .
We show first that C i is a left rejective subcategory of C 1 . For this, let Y be an object in C 1 and consider
Because rejects preserve finitary direct sums, it is not difficult to infer that Y ′ must lie in C i (see also Remark 4.5). Every object in C i has Gabriel-Roiter measure smaller than µ λ (X i−1 ). Since Y ′ is the largest factor object of Y whose Gabriel-Roiter measure is smaller than µ λ (X i−1 ), then every morphism from Y to an object in C i factors through the canonical epic π : Y −→ Y ′ . In other words, π is a left C i -approximation of Y . It remains to show that every nonisomorphism between indecomposable objects in C i factors through an object in C i+1 . For this, consider a nonisomorphism f : Y −→ Z between indecomposable objects in C i . We show that f factors through an object in C i+1 . Let us assume without loss of generality that both Y and Z lie in
Suppose, by contradiction, that µ λ (Im f ) = µ λ (Z). There exists an indecomposable summand W of Im f satisfying µ λ (W ) = µ λ (Z). Part (2) of Theorem 4.3 yields λ(W ) = λ(Z). By definition of length function, the embedding of W in Im f postcomposed with the monic im f : Im f −→ Z must then be an isomorphism. Consequently, f : Y −→ Z is an an epic satisfying λ(Y ) = λ(Z), hence f is an isomorphism -a contradiction.
Therefore µ λ (Im f ) < µ λ (Z) = µ λ (X i ) and f must factor through Y ′ which is an object in C i+1 , as explained in the first part of the proof.
Our main result is a corollary of Proposition 4.6 and it refines Theorem 2.8.
Corollary 4.7. Let X be an arbitrary object in an abelian length category A and let λ be a length function on A. Consider the sequence (X i ) i∈N of factor objects of X = X 1 defined in (1) using the Gabriel-Roiter µ λ of A associated to λ. Let ℓ ∈ N 0 be the number of nonzero objects of (X i ) i∈N and set X = Proof. Note that the category C 1 in the statement of Proposition 4.6 has finite type. The corollary then follows from Proposition 4.6, Theorem 3.8 and Remark 4.5.
Dlab and Ringel's result in [10] and Iyama's theorem in [18] indicate that quasihereditary algebras are quite prevalent in representation theory, and Corollary 4.7 provides additional evidence for the ubiquity of quasihereditary rings.
The advantage of the procedure described in Corollary 4.7 in relation to Iyama's construction (recall Example 3.11) is that, by varying the length functions on A = mod Λ (i.e. by attributing different 'weights' to the simple modules), one is usually able to generate various complements X ′ of a fixed finitely generated Λ-module and several algebras Γ = End Λ (X ⊕ X ′ ) of finite global dimension. The next examples illustrate how the method described in Corollary 4.7 can be used in pratice.
Example 4.8. Consider the bound quiver algebra Λ = kQ/I in Example 2.10 and, once again, denote the projective indecomposable P 1 by X 1 = X. Let λ be the length function on mod Λ mapping L 1 to 1 and L 2 to 2. Then µ λ (X 1 ) = {1, 2, 5} and, as in Example 2.10,
Note that µ(X 2 ) = {1, 4},
, µ λ (X 3 ) = {2, 3} and X 4 = 0. By Corollary 4.7, the corresponding algebra Γ = End Λ (X 1 ⊕ X 2 ⊕ X 3 ) has global dimension at most 3 and the top of End Λ (X 2 , X 1 ⊕ X 2 ⊕ X 3 ) has projective dimension at most 2.
Example 4.9. Consider the same algebra Λ = kQ/I and the same module X 1 = P 1 as before, but now let λ ′ be the length function which sends L 1 to 2 and L 2 to 1. Then X 2 = X 1 / Rej (X 1 , A(< µ λ ′ (X 1 ))) = Let X 1 = X = Λ ⊕ D(Λ) = P 1 ⊕ P 2 ⊕ Q 1 ⊕ Q 2 be the 'smallest' generatorcogenerator of mod Λ (here Q i denotes the injective Λ-module with socle L i ). Let λ be the usual length function on mod Λ, i.e. the one sending both L 1 and L 2 to 1. By applying Corollary 4.7 to this data, we obtain ℓ = 5 and the basic version of the corresponding module X is isomorphic to
Example 4.11. Let Λ and X be as in Example 4.10, but now consider the length function λ ′ mapping L 1 to 1 and L 2 to 2. In this case, Corollary 4.7 yields ℓ = 8 and the basic version of the corresponding module X is isomorphic to
Example 4.12. Again, let Λ and X be as in Example 4.10, and consider the length function λ ′′ sending L 1 to 2 and L 2 to 1. By applying Corollary 4.7 to this data, we get ℓ = 6 and the basic version of the corresponding module X is isomorphic to
Remark 4.13. There exists a notion dual to that of Gabriel-Roiter measure, called the Gabriel-Roiter comeasure (see [26, Appendix C] ). By passing the results in this section to the opposite category, we obtain statements about right complete total rejective chains constructed using the Gabriel-Roiter comeasure.
